1. Introduction. -These last years, many efforts have been devoted to understand the transition to turbulent behaviour. These efforts have been stimulated by Lorenz 's numerical investigations [1] of a non-periodic deterministic flow and a paper of Ruelle and Takens [2] on the nature of turbulence where these authors proved the existence of structurally stable strange Axiome A attractors in the neighbourhood of some quasiperiodic flows.
We can describe the transition to stochasticity in dynamical systems as continuous or discontinuous according as it occurs respectively after an accumulation of bifurcations [3, 4] , or after a finite number of apparent bifurcations [1] . Renormalization group methods have been used in order to describe universal aspects of continuous transitions for simple dynamical systems [5] [6] [7] [8] [9] . In analogy with phase transitions, we do not expect any universal property when the transition is discontinuous; we generally observe a hysteresis phenomenon as e.g. in Lorenz model [10] . Abrupt transitions to turbulence with hysteresis have actually been experimentally exhibited by Maurer and Libchaber [11] [12] . However, for a large number of dynamical systems (endomorphisms of an interval, diffeomorphisms of (R2, differential equations), hysteresis has never been numerically displayed although the stochastic transition seems to be discontinuous [13] . Yet in this case we observe intermittency, as described by Pomeau and Manneville in [14] .
The aim of this letter is to study the existence of hysteresis and related phenomena for discontinuous transitions to chaos. We mainly restrict ourselves to non-invertible one-dimensional difference equations where exact results can be derived; other numerical results on flows and diffeomorphisms will be reported elsewhere [13] .
Let us start quoting a theorem which may be deduced from lemma 3.1 and proposition 2.1 in the reference [16] by Misiurewicz [14] (Fig. 4) except that in our case Kolmogorov-Sinai entropy is not a continuous function of À. This is due to the fact that fĩ s homotopic to identity (in contrary to the models in [14] ), so that the transition described here can be Fig. 4 4. Similar analysis can be done for other type of bifurcations. For example in the case of subcritical doubling-period bifurcation, the above-mentioned theorem yields conditions for incomplete hysteresis. However, for such a bifurcation, the intermittency (when it is observed) corresponds to another mechanism, namely the existence of homoclinic points in the invariant manifold of the fixed point.
In diffeomorphisms and flows of R", similar phenomena can be exhibited e.g. in Lorenz model [1] where we observe a subcritical Hopf bifurcation with incomplete hysteresis [10, 18, 19] . Numerical studies on diffeomorphisms of 1R2 and flows of 1R3 will be reported in a forthcoming paper [13] . Let us point out that the three cases of discontinuous transitions we discussed in this letter can be observed iñ 2 diffeomorphisms defined by :
where ~M is a real endomorphism which presents such transitions. This means that the classification also works for flows of (R3, at least for those which are suspension of these diffeomorphisms.
